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?? q-gaussian????????$q$-gaussian??? Tsallis ?????????????
????????????????????????????????????????
$q$ ???????????? $t$ ??????????????????????????
????????????????????????????????????????
?????????????








?? 2.1 (Azzalini [3]) $fo$ ? $\mathbb{R}^{d}$ ?? p.d.$f.$ , Go ? $\mathbb{R}$ ?? c.d.$f.,$ $w(.$ $)$ ? $\mathbb{R}^{d}$ ???
???????????? (-X) $=f_{0}(x)$, $G_{0}(-y)=1-G_{0}(y),$ $w(-x)=-w(x)$ ????
$x\in \mathbb{R}^{d},$ $y\in \mathbb{R}$ ?????????????
$f(x)=2f_{0}(x)G_{0}(w(x))$
? $\mathbb{R}^{d}$ ?? p.d.$f$. ????
$f(x)$ ? p.d.$f$. ?????? skew ????????$f_{0}$ Go $w$ ?????????
??? skew ??????????? $w(x)\equiv 0$ ?????$f(x)\equiv f_{0}(x)$ ????????
skew ??? ( $y$ ????????) $f_{0}(x)$ ???????????????
3 skew-normal ??
?? 3.1 (Azzalini [3]) ??????? P.d.f., $c$ .d.f. ?????
$\varphi(x)=\frac{1}{\sqrt{2\pi}}\exp(-\frac{x^{2}}{2}), \Phi(x)=\int_{\infty}^{X}\varphi(t)dt$
????$\alpha\in \mathbb{R}$ ??????? 2.1??
$f(x)=\varphi(x;\alpha)=2\varphi(x)\Phi(\alpha x) , x\in \mathbb{R}$
? $\mathbb{R}$ ?? $p.d.f$. ???? $\varphi(x;\alpha)$ ? $p$.d.f. ???????? skew-normal ??????
$SN(0,1, \alpha)$ ????
$\alpha=0$ ????skew-normal ??????????????? $Z\sim SN(0,1, \alpha)$ ????
$Y=\xi+\omega Z$ ???????????? $Y\sim SN(\xi,\omega^{2}, \alpha)$ ????
???????????????? skew-normal ??????????????????
??????




?? 3.1????? $\alpha_{0},$ $\alpha\in \mathbb{R}$ ???
$\frac{1}{\Phi(\alpha_{0}/\sqrt{1+\alpha^{2}})}\int_{-\infty}^{\infty}\varphi(x)\Phi(\alpha_{0}+\alpha x)dx=1$
????????? $\tau=\alpha_{0/\sqrt{1+\alpha^{2}}}$ ??????????????????
?? 3.2 $(AZZalin\mathfrak{l}[3])$ ?? $\varphi(x;\alpha, \tau)$ ? p.d. $f$. ???????? extend skew-normal ?
?????$ESN(O, 1, \alpha, \tau)$ ????
$\varphi(x;\alpha, \tau)=\varphi(x)\frac{\Phi(\tau\sqrt{1+\alpha}+\alpha x)}{\Phi(\tau)}, x\epsilon \mathbb{R}$
$X$ $\sim$ $ESN(O,$ $1,$ $\alpha,$ $\tau\rangle$ ???? $Y$ $=$ $\xi+\omega X$ ????????????





?? 3.2 $a_{1},$ $a_{2},$ $b_{t},$ $b_{2}\epsilon R$, ??????? $p.d.f.$ $\varphi$ ? c.d.$f.\Phi$ ????
$\int_{-\infty}^{\infty}\varphi(x)\Phi(a_{1}x+b_{1})\Phi(a_{2}x+b_{2})dx=\Phi(\tau_{1})\Phi(\tau_{2};\tilde{\alpha}, \tau_{1}\rangle=\Phi(\tau_{2})\Phi(\tau_{1};\tilde{\alpha}, \tau_{2}\rangle$
????????$\tau_{1}=b_{1}/\sqrt{1+a_{1}^{2}},$ $\tau_{2}=b_{2}/\sqrt{1+a_{2}^{2}},$ $\tilde{\alpha}=a\iota^{a}2/\sqrt{1+a_{1}^{2}+a_{2}^{2}},$ $\Phi(x;\alpha, \tau)=$
$\int_{-\infty}^{x}\varphi(t;\alpha, \tau)dt$ ????
?? 3.2???????????????
?? 3.1 $Y_{1}\sim SN(\xi_{1},\omega_{1^{2}}, \alpha_{1})$, $Y_{2}\sim SN(\xi_{2}, \omega_{2^{2}}, \alpha_{2})$, $Y_{1}$ ? $Y_{2}$ ?????????????








$\tau_{2}(u)=\alpha_{2}\omega_{2}(u-\xi)/(\omega\sqrt{\omega^{2}+\alpha_{2}^{2}\omega_{1}^{2}})$, $\tilde{\alpha}=-\alpha_{1}\alpha 2\omega_{1}\omega 2/(\omega\sqrt{\omega^{2}+\alpha_{1}^{2}\omega_{2}^{2}+\alpha_{2}^{2}\omega_{1}^{2}})$,
$\Phi(x;\alpha, \tau)=\int_{-\infty}^{X}\varphi(t;\alpha, \tau)dt$
????
?? skew-normal ??? $n$ ??????????????????? Azzalini [3] ??
?????????????????
?? 3.2 $Z\sim SN(O, 1, \alpha)$ ????? $Z$ ? $n(\in N)$ ??????????????????







?????????? $f_{q}(x)$ ??????????????????? (????? [7],
Furuichi [5] ??).
?? 4.1 (?? [7]) ?? $p_{q}(x)$ ? p.d.$f$. ???????? $q$-gaussian?? $qN(0,1,q\rangle$
????
$p_{q}(x)= \frac{1}{Z_{q}(1)}[1-\frac{1-q}{3-q}x^{2}]_{+}^{\frac{-1}{q}},$ $x\in$ ? $q<3$
4
??? $[a]_{+}= \max\{a, 0\},$
$Z_{q}( \sigma)=\int_{-\infty}^{\infty}[1-\frac{1-q}{3-q}\frac{x^{2}}{\sigma^{2}}]_{+^{-q}}^{\sim^{1}}dx=\{\begin{array}{ll}(\frac{3-q}{q-1}\sigma^{2})_{1}^{@}B(\frac{3-q}{2(q-1)}, \frac{1}{2}) (1<q<3) ,(\frac{3-q}{1-q}\sigma^{2})^{\overline{2}}B(\frac{2-q}{1-q}, \frac{1}{2}) (q<1)\end{array}$
????




q-gaussian ????$q$ ????????????????????????? ([7]).
1. $qarrow 1$ ????$q$-gaussian?????????????
$p_{1} \langle x)=\frac{1}{\sqrt{2\pi}}\exp(-\frac{x^{2}}{2})$





? 2??? 4?? skew ??? $q$-gaussian???????????????????skew
??? $q$-gaussian ????????????????????????????
?? 5.1 ?? 2.1????? $f_{\langle\}}(x)=p_{q}(x)$, $G_{0}(w(x))=P_{q}( \alpha x)=\int_{-\infty}^{ax}p_{q}(t)dt$ ???
$p_{q}(x;\alpha\rangle=2p_{q}(x)P_{q}(\alpha x)$
5
? $\mathbb{R}$ ?? p.d.$f$. ????$p_{q}(x;\alpha)$ ? p.d.$f$ ???????? skew-q-gaussian ??????
$SqN(0,1, \alpha,q)$ ????
??? $SqN(O, 1, \alpha, q)$ ? c.d.$f.$ ?
$P_{q}(x; \alpha)=\int_{-\infty}^{X}p_{q}(t;\alpha)dt$
????
$\alpha$ $=$ $0$ ????skew-q-gaussian ??? q-gaussian ??????? ??
$Z\sim SqN(O, 1, \alpha, q)$ ???? $Y=\mu+\sigma Z$ ???????????? $Y\sim SqN(\mu\sigma^{2}, \alpha, q)$
???????????? p.d.$f$. ? $q$-gaussian ?????????
$p_{q}( \frac{x-\mu}{\sigma};\alpha)=2p_{q}(\frac{x-\mu}{\sigma})P_{q}(\alpha\frac{x-\mu}{\sigma})$
??????????? $\sigma$ ?????? $Z_{q}(\sigma)$ ?????????????
$SqN(O, 1,1, q)$ ?????$q$ ???????????????????
Figurel $q=-1_{:}0$, 1, 2???? $SqN(0,1,1, q)$ ???? (DotDashed, Dotted, Line, Dashed)
skew-q-gaussian ?????????????? $n$ ?????????????????
?????????




$E[X^{2n-1}]= \frac{(n-1)(3-q)}{n(1-q)-1}E[X^{2(n-1)-1}]+\frac{(3-q)}{n(1-q)-1}f_{n}(\alpha, q)$ .
????$f_{n}(\alpha, q)$ ??????????
???? $F(\alpha, \beta,\gamma, z)$ ????????????
$F( \alpha, \beta, \gamma, z)=\sum_{n=0}^{\infty}\frac{(\alpha)_{n}(\beta\rangle_{n}}{(\gamma)_{n}}\frac{z^{n}}{n!}=\frac{\Gamma(\gamma\rangle}{\Gamma(a)\Gamma(\beta)}\sum_{n=0}^{\infty}\frac{\Gamma(\alpha+n\rangle\Gamma(\beta+n)}{\Gamma(\gamma+n)}\frac{z^{n}}{n!}$ $(|z|<1)$,
???????
?? 5.1 $F(\alpha, \beta,\gamma, z)$ ????????????????????? ([1]).
$F( \alpha,\beta,\gamma,z)=\frac{\Gamma(\gamma)}{r(\beta)r(\gamma-\beta)}\int_{0}^{1}$ ?- 1 $(1-t)^{\gamma-\beta-1}(1-zt)^{-\alpha}df(\gamma>\beta>0, |z|<1)$ .
7
6 skew-q-gaussian ?????
$Y_{1}$ , . . .,?? $SqN(\mu\sigma^{2}, \alpha, q)$ ??? i.i.$d$.???????$Y=(Y_{1}, \ldots, Y_{n})$ , $\theta=(\mu\sigma, \alpha, q)$
???????? $\theta$ ??????
$L( \theta, y)=\frac{2^{n}}{Z_{q}^{n}(\sigma)}\prod_{i=1}^{n}\{1-\frac{1-q}{3-q}\langle\frac{y_{i}-\mu}{\sigma})^{2}\rangle^{\frac{1}{1-q}}P_{q}(\alpha\frac{y_{i}-\mu}{\sigma})$
????????????? $l(\theta, z)$ ?
$l( \theta,z)=n\log 2-n\log Z_{q}(\sigma)+\frac{1}{1-q}\sum_{i=1}^{n}1$







??? $\zeta_{0}(x)=\log P_{q}(x)$, $\zeta_{i}(x)=(\partial^{i}/\partial x^{i})\zeta_{0}(x)(i=1,2, . . g_{q}(x)=\frac{\partial}{\partial q}p_{q}(x)/P_{q}(x)$
????
$A_{q}= \frac{\frac{\partial}{\partial q}Z_{q}(\sigma)}{Z_{q}(\sigma)}=\{\begin{array}{ll}\frac{1}{(q-1)^{2}}\{\frac{q-1}{3-q}+\psi(\frac{1}{q-1})-\psi(\frac{3-q}{2(q-1)})\rangle (1<q<3),\frac{1}{(1-q)^{2}}\{\frac{1-q}{3-q}+\psi(\frac{2-q}{1-q})-\psi(\frac{5-3q}{2(1-q)})\} (q<1)\end{array}$
??????? $\psi$ ????????? $\psi(x)=(\theta/\partial x)\log$ $\Gamma$(x) $=\Gamma$'(x)/$\Gamma$(X)?????
8







$\frac{\partial^{2}t}{\partial\sigma\partial\alpha}=-\frac{1}{\sigma}\sum_{i=1}^{n}$ ? $i \zeta_{1}(\alpha z_{i})-\frac{\alpha}{\sigma}\sum_{i=1}^{n}z_{i}^{2}\zeta_{2}(\alpha z$?
$\frac{\theta^{2}t}{\delta\sigma\partial q}=\frac{2}{\sigma(3-q)^{2}}\sum_{i=1}^{n}\frac{z_{i}^{2}(1-z_{i}^{2})}{(1-\frac{1-q}{3-q}z_{i}^{2})^{2}}-\frac{\alpha}{\sigma}\sum_{i=1}^{n}z_{i}g_{q'}(\alpha z_{i})$,
$\frac{\partial^{2}t}{\partial\alpha^{2}}=\sum_{i=1}^{n}z_{i}^{2}\zeta_{2}(\alpha z_{i}),$ $\frac{\partial^{2}t}{\partial\alpha\theta q}=\sum_{i=1}^{n}z_{i}g_{q'}(\alpha z_{i}\rangle,$
$\frac{\partial^{2}l}{\partial q^{2}}=-\frac{\partial}{\delta q}A_{q}+\frac{2}{(1-q)^{3}}\sum_{i=1}^{n}\log(1-\frac{1-q}{3-q}z_{i}^{2})+\frac{2}{(1-q)^{2}(3-q)}\sum_{i=1}^{n}\frac{z_{i}^{2}}{(1-\frac{1-q}{3-q}z_{i}^{2})^{2}}$
$+ \frac{2(5-3q)}{(1-q\rangle^{2}(3-q)^{3}}\sum_{i=1}^{n}\frac{z_{i}^{2}}{1_{q}-\frac{1-}{3-}Z_{Z_{i}^{2}}}+\frac{4}{(1-q)(3-q)^{4}}\sum_{i=1}^{\prime l}\frac{z_{j}^{4}}{(1_{-q}^{-A}-\frac{1}{3}z_{i}^{2}\rangle^{2}}$
$+ \sum_{j=1}^{n}\frac{\partial}{\partial q}g_{q}(\alpha z_{i})$ .
9
??????????????????$Y$ ? $\theta$ ?????????????? $I(\theta)$ ???
???????????
$i_{\mu\mu}=n \frac{2d_{q,\alpha}+(3-q)\alpha a\alpha 2}{\sigma^{2}(3-q)},$ $i_{\mu\sigma}=i_{\sigma\mu}=n \frac{4c_{q,a}+(3-q)\alpha(a_{0,2}+\alpha(b_{1,q}-a_{1,2})\}}{\sigma^{2}},$
$i_{\mu a}=i_{\alpha\mu}=n \frac{a_{0,1}+\alpha(b_{1,q}-a_{1,2})}{\sigma},$ $i_{\mu q}=i_{q\mu}=- \frac{5-q}{2}nc_{q,a}+\frac{\alpha}{\sigma}ne_{q,a},$
$i_{\sigma\sigma}=n \frac{(6-q)+\alpha^{2}qa_{\lambda 2}}{q\sigma^{2}},$ $j_{\sigma\alpha}=i_{a\sigma}=n \frac{a_{Q1}-\alpha a_{\lambda 2}}{\sigma},$
$i_{\sigma q}=i_{q\sigma}= \frac{\alpha}{\sigma}nh_{q,\alpha},$ $i_{\alpha a}=na_{\lambda 2},$
$i_{\alpha q}=i_{qa}=-nh_{q,\alpha},$ $i_{qq}=n \frac{\partial}{\partial q}A_{q}-\frac{2n}{(1-q)^{3}}j_{q,\alpha}-\frac{2n(5-3q)}{(1-q)^{2}(3-q)^{2}}-nk_{q,a},$
??? $k\in N$ ????
$a_{k,1}=E[Z^{2k}\zeta_{1}(\alpha Z)],$ $a_{k,2}=E[Z^{k}\zeta_{1}^{2}(\alpha Z)],$ $b_{k,q}=E[Z^{2l-1}\zeta_{2}(\alpha Z)]+a_{k,2^{1}},$
$c_{q,\alpha}=E[ \frac{Z}{(1_{-q}^{-}-\frac{1}{3}sZ^{2})^{2}}],$ $d_{q,\alpha}=E[ \frac{1+\frac{1-}{3-}4_{Z^{2}}q}{(1_{q}-\frac{1-}{3-}AZ^{2})^{2}}],$ $e_{q,a}=E[g_{q'}(\alpha Z)],$
$h_{q,\alpha}=E[Zg_{q'}(\alpha Z)],$ $j_{q,a}=E[ \log(1-\frac{1-q}{3-q}Z^{2})],$ $k_{q,a}=E[ \frac{Z^{2}}{(1_{-q}^{-A}-\frac{1}{3}Z^{2})^{2}}]$
????
7 skew-q-gaussian ???????
skew-q-gaussian ???????????????$q<1$ ? $q>1$ ??????????
??????????????????????????
?? 7.1 $x_{\iota},$ $X_{2}$, . . ., $X_{n}$ ? $SqN(O, 1, \alpha, q)$ ??? i.i.d. ???????$M_{n}:= \max_{1\leq i\leq n}X_{i}$
????
(i) $q<1,$ $\alpha>-1$ ???
$P( \frac{M_{n}-C}{b_{n}}\leq x)arrow G_{2,(2-q)/(1-q)}(x)=\{\begin{array}{ll}\exp\{-(-x)^{-(2-q)/(1-q\rangle}\} (x<0) ,1 (x\geq 0)\end{array}$
??????? $C=\sqrt{(3-q)/(1-q)},$ $b_{n}= \frac{C}{2}\{\frac{(2-q\rangle B(\neq_{-q2}^{2-\iota}\rangle}{n(1-q)P_{q}(aC)}\}^{(1-q)/(2-q)}$ ????
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(ii) $q<1,$ $\alpha\leq-1$ ???
$P( \frac{M_{n}+\frac{C}{\alpha}}{b_{n}}\leq x)arrow G_{2,(3-2q\rangle/(1-q\rangle}(x)=\{\begin{array}{ll}\exp\{-(-x)^{-(3-2q)/(1-q)}) (x<0) ,1 (x\geq 0)\end{array}$
???????
$b_{n}= \frac{2^{\langle 3-2q)/(2-q)}}{-\alpha}(1-\frac{1}{\alpha^{2}})^{1/(3-2q)}\{\frac{C^{2}B(_{-q}\frac{2}{1}-A\frac{1}{2})^{2}(2-q)(3\sim 2q)}{n(q-1)^{2}}\}^{(1-q)/(2q-3)}$
????
(iii) $1<q<3,$ $a>0$ ???
$P( \frac{M_{n}}{b_{n}}\leq x)arrow G_{1,(3-q\rangle/(q-1)}(x)=\{\begin{array}{ll}\exp\{-x^{-(3-q)/(q-1)}\} (x>0\rangle,0 (x\leq 0)\end{array}$
??????? $C'=\sqrt{(3-q)/(q-1)},$ $b_{n}=C^{\prime(5-3q)/(3-q)} \{\frac{B(\frac{3-g}{2(q\sim 1)},\iota 2)}{2n}\rangle^{(1-q\rangle/(3-q\rangle}$ ????
(iV) $1<q<3,$ $\alpha<0$ ???
$P( \frac{M_{n}}{b_{n}}\leq x)arrow G_{1,2(3-q)/(q-1)}(x)=\{\begin{array}{ll}exp\{-x^{-2(3-q)/(q\sim 1)}\rangle (x>0) ,0 (x\leq 0) ,\end{array}$
????? $f'*\backslash \backslash$ ? $b_{n}= \frac{C^{\prime(5-3q)/\langle 3-q\rangle}}{\sqrt{\sim\alpha}}\{\frac{B(\frac{3-q}{2(q-1)^{2}},1\Sigma)}{n}\}^{(i-q\rangle/2(3-q)}$ ????
?? 7.1 $G_{1,\gamma},$ $G_{2,\gamma}$ ????? Fr\'echet ???Weibull ???????????
(Galambos[6]).
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